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The quantitative analysis of enhancement of high-order
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The time-dependent Schrödinger equation of the interaction of laser pulse with He+
is solved by using the asymptotic boundary condition and symplectic algorithm in fun-
damental laser-field and two-color laser fields. We find that the conversion efficiency of
high-order harmonic generation (HHG) is higher in the two-color laser fields than in
the fundamental laser field, especially for the combination of ω0 − 19 ω0. To explain
these phenomena, the ionization probability, the average distance, the probability of
first excited state, and the transition probability are calculated. We give the qualitative
and quantitative analysis for the enhancement of conversion efficiency of HHG.
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1. Introduction

Recently, with the development of the ultra-short intense laser technology,
the short-pulse laser with the maximal energy about 1021 W/cm2 can be obtained
in experiments, which prompt the research on the interaction between materials
and the intense laser field. Those surprising developments make the research on
atom, molecule, and cluster physics in intense laser field become very interesting
and excited topics in the basic theory research [1–3].

The high-order harmonic generation (HHG) spectra have a generic shape
[4]. Quantum theory of HHG as a three-step process had been presented and
accepted [5]. Recently, the investigation of HHG has become an active field.
For example, the clustering environment is responsible for the enhancement of
harmonic emission [3]; high-order harmonic emission from He+ is enhanced by
many orders of magnitude in the two-color laser field compared with the case
of the fundamental pulse alone [6]; the efficient HHG in a two-color laser field
had been observed in the experiment [7]; highly efficient HHG in Helium had
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achieved by using an orthogonally polarized two-color laser field [8], and effi-
cient HHG was obtained below 10 nm using a linearly polarized two-color laser
field [9], etc.

The time-dependent Schrödinger equation (TDSE) of the interaction of the
laser with atom can be solved numerically by Floquet theory method [10], R-
matrix method [11], split-operator technique [12], etc. The infinite space has to
be truncated into a finite space in numerical solving, since the electron has the
population in the large distance, the values of the wave-functions at the finite
boundary cannot be simply taken as zero. So the artificial boundary conditions,
e.g. absorber or mask functions [13], are often applied to solve the TDSE so as
to eliminate the reflection of the wave-functions on the boundaries.

The numerical results and the analysis will be demonstrated in section 2,
and the conclusion will be given in section 3.

2. Numerical results and discussions

In this paper, the asymptotic boundary condition (ABC) [14, 15] and sym-
plectic algorithm [16–19] are applied to solve the 1-dimensional TDSE. The soft-
potential of He+

V0(x) = − 2
√

x2 + 0.5

is considered in the computation.
The laser field was chosen to be

ε(t) = ε0 sin2(ω0t/2N)(sin(ω0t) + r sin(nω0t)), 0 � t � NT0,

where ε0 = 0.3 a.u. and ω0 = 0.056 a.u. are the peak amplitude and the fre-
quency of fundamental laser field, respectively. n is the ratio of high frequency
to fundamental frequency, N = 5 is the number of optical period, T0 = 2π/ω0
is the optical period. And the space boundary R is set as 500 a.u.

The ionization probability, the average distance, the first excited state proba-
bility, the transition probability and the harmonic spectrum are shown in figures
1–5 under the fundamental laser field (case 1: r = 0) and the two-color laser fields
with combination of fundamental laser field (ω0) and its nth harmonic field (case
2: r = 0.1 and n = 2; case 3: r = 0.1 and n = 19; case 4: r = 0.1 and n = 30).

As shown in figure 1, the ionization probability in the two-color laser fields
is higher than the case in the fundamental field, but the ionization probability is
not linear increasing with the increasing of the value of n. The yield of ioniza-
tion is most when n = 19, the mixing of 2nd harmonic and 30th harmonic did
not obviously affect the changes of ionization. This reveals that the main elec-
tron wave packet is bounded for the cases 1, 2, and 4 but some probability of
the electron wave packet is unbounded for the case 3.
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Figure 1. The ionization probability in the one-color laser field and the two-color laser fields.

Figure 2. (a) The average distance in the one-color laser field (r = 0) and the two-color laser fields;
(b) The enlarged picture of a part of (a).

Figure 2(a) shows the average distance of the electron for four cases; figure
2(b) is the enlarged picture of a part of figure 2(a). We can see from figure 2(a)
and (b) that the amplitude of average distance and the vibrational frequency of
electron are increased in the two-color laser fields comparing with fundamental
laser field, but the maximums are largest when n = 19. Namely, the probability
of electron returning to the core in the unit time can be greatly increased for the
case 3.

The harmonic spectra are shown in figure 3(a); figure 3(b) is the enlarged
picture of a part of figure 3(a). From figure 3(a) and figure 3(b) we can see that
the conversion efficiency of HHG is enhanced when the two-color laser fields
are applied. The values of conversion efficiency of HHG for cases 2, 3, and 4
are about zero-order, two-order, and one-order of magnitude, respectively, higher
than that for the case 1.



1432 C. Zhang et al. / Quantitative analysis of enhancement of high-order harmonics

Figure 3. (a) The Harmonic spectra in the one-color laser field and the two-color laser fields;
(b) The enlarged picture of a part of (a).
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Figure 4. The First excited state probability in the one-color laser field and the two-color laser
fields.

Figure 5. The transition probability in the one-color laser field and the two-color laser fields.
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Figures 1 and 2 shown that the vibration of the electron is quicker near the
ion core and the amplitude is bigger in the two-color laser fields than the cases
in the fundamental laser field and the effect is obvious for case 3. The quicker
vibration leads to increase the probability of re-collision of electron with ion core
so that more high-energy photons can be radiated. The effect on the ionization
and the average distance with mixing of 19th harmonic is similar to the phe-
nomenon in [14]. For the analysis of above the conversion efficiency of HHG
should be enhanced in the two-color laser fields especially with the mixing of
19th harmonic.

Zeng et al. [20] had given that for a certain level structure, a specially cho-
sen high frequency additional driving field can greatly enhance the efficiency of
HHG. Because the energy of single-photon of the 19th harmonic (1.064 a.u.) is
around the energy level difference between the ground state and the first excited
state (1.068 a.u.). Thus the population of the first excited state will be increased
by the single photon transition from the ground state to the first excited state.
The first excited state probability in the fundamental laser field and the two-color
laser fields as shown in figure 4 is consistent with our analysis. The first excited
state probability is almost the same in the fundament laser field as in the two-
color laser fields with combination of ω0 − 2ω0 and ω0 − 30ω0, but it is enhan-
ced obviously with combination of ω0 − 19ω0. At the same time the continuum
state has definite population as shown in figure 1. Based on the selection rule of
transition, channels of the transition from the bound state to the odd parity and
even parity continuum are unobstructed when the 19th harmonic is mixed.

When the 19th harmonic is mixed, the electron leaves and returns to ion
core quickly as shown in figure 2, at the same time the continuum state proba-
bility is increased, which provides the more probability of electron return and re-
collision with ion core. As shown in figure 3, the plateau of HHG is the highest
when the 19th harmonic is mixed.

Above is the qualitative analysis for the enhancement of conversion effi-
ciency of HHG. Next the corresponding quantitative analysis will be given by
the transition probability with radiation 240th–260th harmonic of electron.

The transition probabilities with radiating 240th–260th harmonic are calcu-
lated and summed on the total pulse. The total transition probabilities are shown
in figure 5. It reveals that the transition probability with radiation 240th–260th
harmonic in the two-color fields with combination of ω0 − 2ω0, ω0 − 19ω0, and
ω0 − 30ω0 is about zero-order, two-order, and one-order of magnitude, respecti-
vely, higher than that in the fundamental field. The relative difference of these
values are consists with the order of magnitude of enhancement of conversion
efficiencies of 240th–260th harmonic in figure 3. The results tell us that the order
of magnitude of increasing of the transition probability is about equal to the
order of magnitude of enhancement of conversion efficiency of HHG.

Based on the theory of three-step process [1, 5], the cause of HHG is that
the energetic photons are emitted while electron returns to bound states from
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the continuum state, which is the transition between the continuum state and
the bound states. So the more transition probability is, the higher conversion
efficiency of HHG is. As it is single photon radiation in the process of the elec-
tron re-collision with the ion core from the continuum, the enhancement of tran-
sition rate should be equal to the enhancement of conversion efficiency of HHG.
When the transition probability is increased, the conversion efficiency of HHG
is enhanced, and the magnitudes of enhancement should be equal. The analysis
is the same as the numerical results as shown in figures 3 and 5. Thus, we can
analyze quantitatively the enhancement of conversion efficiency of HHG by the
transition probability.

3. Conclusions

In this paper, the TDSE of the interaction of laser pulse with He+ is solved
by using the asymptotic boundary condition and symplectic algorithm in funda-
mental laser field and two-color laser fields. The ionization probability, the ave-
rage distance, the harmonic spectrum, the first excited state probability, and the
transition probability are calculated.

The numerical results illustrate that the conversion efficiency of HHG can
be enhanced effectively in the two-color laser fields especially for the combina-
tion of ω0 − 19ω0. The mechanism of the obvious enhancement of HHG in the
two-color laser fields is analyzed qualitative and quantitative.
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